An important problem in the field of force-reflecting systems and telerobotics is poor rendering of contact, particularly of contact with stiff surfaces. There are numerous possible sources of poor performance, including poor contact models, sampling errors, and delays due to computation or data transmission. In this paper we examine effects due to sample-and-hold, which is a fundamental property of both the discrete domain and also of the sensors and power amplifiers used in a force-reflecting system.
Introduction
A haptic, or force-reflecting, interface is a device that can sense a human operator's hand motion, and actuate the operator with forces or torques, without significantly impeding the hand motion. The term "haptic" refers to both tactile and kinesthetic senses [13] . These devices have been used for teleoperation of a remote robot, the characterization of human motor performance, conducting psychophysical experiments on haptics, and the interaction of a human with a virtual environment. There are many designs of devices that can provide stimuli for the haptic sense. Detail description of the design, operations and issues related to haptic display have been surveyed before [10, 12, 14, 7] .
A frequent comment from users is that the interactions feel "alive" or "active", rather than feeling like a passive mechanical system which does not provide more energy to the operator than the operator provided to the system. This liveliness problem often becomes dramatic as the stiffness of the interaction increases, and can ultimately lead to an uncontrollable instability.
Previous work on this liveliness has concentrated primarily on (a) providing more realistic models of contact for a simulated environment, (b) stabilizing effects due to delays in a teleoperation system [1] , or (c) analyzing effects of sampling errors. Colgate [5] designed a virtual wall composed of springs and dampers. There has been other work on force-reflecting simulations [9, 15, 16, 3] focusing instability due to vibration, excessive compliance and stickiness. In all cases, the main problem that the researchers faced was how to obtain passivity in virtual walls. Bonneton and Hayward [3] , and Minsky et al. [14] , have suggested that some criteria have to be defined on the basis of stiffness and damping coefficients in order to make the virtual wall passive. Colgate and Schenkel [4] provide a bound on the sampling frequency which, for a given force-reflecting system and a given virtual wall, will ensure passivity. Their model of system behavior included zero-order hold in its usual manifestation.
We suggest that the sample-and-hold, or zero-order hold, effect, plays a significant part in the unrealistic presentation of contact information. Force-reflecting systems are computer controlled, so the forces of interaction are acquired at a finite rate; in essence, the forces are sampled and held. When the forces are reflected to the human operator, the combined operation of a digital-to-analog conversion and an amplifier also amount to a sample-andhold of the reflected force. Using the technology now available, the effect is a fundamental property of both the discrete domain and of the physical interfaces of a computer to the world.
We propose a new method of force reflection, called sample-estimate-hold, which clarifies some of the issues that arise when implementing a force-reflecting system using a digital computer. Our method is numerically based, and is completely independent of the stiffness and damping coefficient of the virtual wall. As a result, we can create a transparent force rendering of a virtual wall, even of a wall that has zero damping. Of course, introducing damping will help even further, but additional damping is not necessary if a good numerical method is used. (There is a parallel here with the solution of differential equations for constrained mechanical systems: as we have shown, Baumgarte stabilization [2] is not needed if a good formulation is employed [6] ). We are not aware of any work which seeks to modify the effect of zero-order hold in order to produce a better force-reflecting system.
In this paper we show that the way a force signal is sampled is intimately related to the conservation of energy of a dynamical system. We then propose a suite of numerical methods for calculating the reflected force while preserving the fundamental characteristic of the force; the methods manage the cases of acquiring and reflecting forces at equal rates, and cases where the acquisition and reflection take place in integer ratios. The utility of the methods is demonstrated by computer simulation and by experimentation with a force-reflecting system. Finally, we discuss the applicability of the methods to other devices and possible future work.
Mechanism Dynamics And Force Reflection
We derive the importance of an accurate estimation of impulse in computing the energy transfer in a contact task. We first derive the dynamics from the Lagrangian dynamics of a one-degree-of-freedom mechanism, although as shown later the derivation can be generalized.
To derive the dynamics equations, model a one-degree-of-freedom force-reflecting system as a single link of mass (4) The kinetic energy of the link at time
If there is no damping or potential energy present, then the energy is
Equation 6 implies that, if a one-degree-of-freedom mechanism moves due just to an external forcing function, then errors in estimating the impulse over the time interval magnify the apparent energy quadratically. In the more general case of damped motion in a potential field, Equation 5 implies that energy errors due to errors in the estimating the impulse will grow quadratically, but there is also a possibility of partial cancelation of the impulse effects by damping. In a discretely sampled system,
is not directly observable but must be reconstructed from observations of is simply the identity: when the master system is interacting with a virtual environment, the position (and perhaps velocity) of the slave system is taken directly from the master system.
A force-reflecting system is a piloted system in which the slave forces are fed back to the master. That is,
is the identity, then the slave forces are reflected directly to the master. For implementation in a discrete system, the positions and forces must be sampled. Suppose for simplicity that the positions are sampled at constant intervals, as are the forces. There thus arise three cases: the sampling intervals are equal; positions are sampled more rapidly than are the forces; or the forces are sampled more rapidly than are the positions. For each case, it is possible to derive a numerical method for estimating
that can provide good force tracking without incurring a delay.
Systems with Several Degrees of Freedom
The equations of motion of a mechanical system, with or without kinematic loops in the structure, are vectorized versions of Equation 1: 
Numerical Methods for Zero-Order Hold of Forces
In this section, we propose numerical methods to minimize the error introduced into the term
by a zero-order hold policy for force data acquisition. Our objective is to design methods which utilize prediction and correction to obtain a new zero-order hold value which, if used instead of the regular zero-order hold value, will minimize the force-time integral error.
In these methods, a first-order polynomial is used in both the prediction and correction segments to approximate the force-time integral. The order of the polynomial used to predict and correct the integral can be higher, and the prediction and the correction part need not use the same order of polynomial, but for simplicity we will begin by designing first-order methods.
Equal-Time Sampling
Suppose that force is acquired from a sensor or a numerical simulation over time, and is then reflected to a human operator. Assume that the sampling intervals of the acquired force and the reflected force are fixed and identical, and let the sampling interval be
is the smooth underlying function of force with time that we want to approximate from the force data obtained at sampling intervals. Because of the zero-order hold policy, the integral
is evaluated as
This is not the best approximation of the actual integral. A better approach would be to use the previous force reading and the current to predict a new reading for the next instant. If the two readings are used to linearly extrapolate to a new reading, then the force-time integral for the upcoming timestep can be estimated. Figure 1 shows a piecewise-linear approximation of force readings and the corresponding zero-order hold function that preserves the force-time integral. be the new zero-order-hold force that is to be output at time
and let the predicted value for time
The force-time integral can thus be approximated as
so the new force value to be output is found from
Equation 14 , which gives a better approximation to the force-time integral than does Equation 11, does not account for the error incurred at the previous time instant by the prediction scheme. If this error is not taken into account, the total force-time integral
will be incorrect. We therefore employ a correction scheme that subtracts the additional area that has been computed as a part of the integral in the previous time instant due to the prediction scheme. We first estimate the integral from the previous instant to the current instant, and then subtract from this area the area of the previous prediction. This procedure is illustrated in the diagram of Figure 2 . is predicted and the integral error between the current reading and the previous prediction, shown shaded, is corrected.
Thus, the integral is estimated as (16) and thus the current correction is Equation 16 minus the integral derived from the previous prediction according to Equation 13 .
The predicted and then corrected force-time integral is given by 
produces a new value of the force being sampled based on its previous zero-order representations. This new value of force, when held over the corresponding sampling interval, will approximate the force-time integral more closely than the usual zero-order hold. As a result, this new scheme will introduce less error in the force-time integral. The error in the energy will be quadratically less.
Rapid Output Sampling
When a force-reflecting system is used by a human operator to interact with a virtual environment, it is possible that the controller for the device can produce output forces at a higher rate than the dynamic simulator can calculate the forces. In such a scenario, the force reflection can be further improved by careful use of the zero-order hold of the output force. Essentially, at a given instant the piecewise-linear prediction of the force to be output can be approximated by a series of steps, as shown in Figure 3 . 
To solve for unequal sampling, try to approximate the same integral as given by the right hand side of the above equation by a series of zero-order hold force values, i.e., try to use a stepwise approximation. As a boundary condition, require that the force at time is thus
where º is the increment between the steps. To maintain the same integral, will be provided to the force-reflecting system at a higher frequency than the acquisition in the relationship in Equation 20. By doing so, the acquired forces are extrapolated as a first-order polynomial which is then approximated by ¥ stepwise-constant outputs.
Rapid Input Sampling
The final case of interest occurs when the forces of interaction can be acquired faster than they can be reflected. This situation can happen when the output rate is limited in order to avoid mechanical resonances or to avoid exceeding the mechanical bandwidth of the force-reflecting system. In this case, the inputs of a time interval can be used to form a better approximation of the smooth function that is assumed to be producing the acquired forces.
As before, let p ' ± be the sampling interval for force acquisition and let p ' ² be the sampling interval for force reflection. Select the reflection interval to be an integer multiple of the acquisition interval: that will occur at time
. The force-time integral at time
and the predicted integral is
Equation 28 and Equation 27 can be substituted into Equation 15 to estimate the output value that is to be held:
This equation can be simplified, or the quantities in parentheses can be calculated and used directly.
Experimental Validation
The numerical methods were first validated by computer simulation. An extensive, numerically accurate [7] multibody-dynamics simulation of metal-metal impact was performed; the traces of displacement and reaction forces over time were stored. The simulation results presented used a nonlinear contact model proposed by Hunt and Crossley [11] . The detailed model and simulation results have already been presented [8] so we omit them here.
For brevity, we show only one of the test cases. Figure 4 shows the force-time curve and the ordinary forcereflection method, and Figure 5 shows the effect of compensating for zero-order hold with equal sampling intervals for acquisition and reflection. It is immediately apparent that the curve is tracked more accurately by compensation, although with a small tracking error at the start of the curve.
Apparatus and Method
We used a two-degree-of-freedom planar haptic interface [10] that is now available commercially. The mechanism was a light, low-friction five-bar linkage., shown in Figure 6 . The computer was a PC-compatible microcomputer (Intel 486 processor, 66MHz clock). The analog interfaces were provided by commercial boards (Analog Devices, Massachusetts) that provided 12-bit conversion. We did not optimize the voltage ranges, so the dynamic ranges were approximately 10 1/2 bits per input and 12 bits per output.
The Cartesian position of the device handle was determined by reading the potentiometers attached to the motor shafts, converting from voltages to radians, and then using forward kinematics to find the position of the device tip. Reflection was performed by converting the desired Cartesian force to motor torques using the inverse Jacobian transformation. The desired torques were converted to desired voltage outputs by previously calibrating the combined sensitivity of the linear amplifiers and the actual motors used. The mechanism entered a mechanical resonance at about 800 Hz. To avoid this range, and to provide results that may be comparable to results from other devices, we conducted all experiments at a nominal sampling rate of 400 Hz. Clock jitter was less than 1%.
Experimental Results
To ensure that the master mechanical system was passive, we excluded the human operator from the tests. Instead, the force-reflecting mechanism was tilted by approximately 15Ô so that a diluted gravitational force would act on the mechanism. Friction in the bearings, motors, and sensors was small but effective: as shown in Figure 7 , when the handle was released and permitted to strike an aluminum bar, the mechanism rapidly came to rest.
We conducted four kinds of tests on a virtual wall of stiffness 0.35 N-mm B
. The wall stiffness value was chosen to be the stiffest attainable without reaching saturation of the analog-output stages. The reflection value was calculated as the penetration times the wall stiffness.
The first test was a simple implementation of a virtual wall, in which penetration of a virtual wall was reflected immediately. The second test was implementation of our numerical method designed for equal sampling intervals. The third test was implementation of our method for rapid reflection, in which forces were acquired at 400 Hz and reflected at 4000 Hz. The final test was implementation of our method for rapid acquisition, in which forces were acquired at 4000 Hz and reflected at 400 Hz. For each test the displacements and reflection forces were logged and subsequently analyzed. The force-displacement curves are given respectively in Figure 8 , Figure 9 , Figure 10 , and Figure 11 . The area of the hysteresis curve, which is the difference in area from initial impact to maximum penetration and from maximum penetration to final exit, was calculated. The hysteresis results are presented in Table 1 . All results are for only the first, largest impact of the handle position with the virtual wall. As can be seen from the hysteresis table and the figures, the ordinary reflection method adds significant energy to the simulated impact of the mechanism with a virtual wall. The numerical method for equal sampling adds very little, and the other methods actually absorb energy -they effectively damp the impact.
In the presence of a potential field (e.g. gravity) one would expect the energy provided by an active wall to eventually balance the potential energy of peak rebound, that is, one would expect a limit cycle. In fact the displacement-time plots display exactly the expected phenomena. Figure 12 shows a perpetual-motion bounce of 5 mm magnitude when no compensation is used; Figure 13 shows that, with equal-interval compensation, the bounce magnitude is reduced to less than a millimeter. Figure 14 gives an experimental demonstration of the passivity of the method for rapid reflection, and Figure 15 demonstrates the passivity for rapid acquisition. The seeming changes in the coefficient of restitution are, in fact, decreases in the energy added to the system by the various reflection algorithms.
Discussion
First-order prediction and correction of forces appears to be useful for some force-reflecting systems. Our methods largely remove the excess energy injected by the zero-order hold of force. As the plots indicate, and as we can corroborate from physical experience, there is a high-frequency but small-amplitude residual effect. This manifests itself as a vibration or a slight scratchiness, which in some tasks may be negligible while in other tasks it may obscure the very interaction that the force-reflecting system is intended for. Our methods also introduce a small error due to tracking. This is most clearly seen in Figure 10 and Figure 11 , where a small negative force is generated. This tensile component -which cannot actually be caused by a passive interaction -is due to a prediction of the current trend to beyond the range of the contact. Such a tracking error, and the startup error visible in Figure 5 , are an inevitable consequence of our numerical methods.
A notable and counterintuitive result is that stabilization is distinctly improved by increasing the sampling rate in either the acquisition stage or the reflection stage. It might seem initially that there is little to be gained but our numerical methods take considerable advantage of the additional information available. Tracking in these cases is not perfect but is far better than in an uncompensated attempt to reflect contact forces.
It might be argued that our methods are equivalent to filtering, especially in the case where inputs and outputs are sampled at equal frequencies. Although strictly true, such approaches have traditionally produced methods with several tuning parameters that must be adjusted for each implementation. A great advantage of a numerical method, such as we propose, is that once the order of the method is chosen then all other parameters are completely determined.
Conclusions
We have developed a small suite of numerical methods for the purpose of force reflection. The fundamental observations were that both acquisition and reflection of forces are limited by zero-order hold of the values, and that errors arising from the tracking are quadratically related to the kinetic energy of dynamical systems.
From these observations we devised predictor-corrector tracking schemes for the various cases of sampling intervals. These methods have the advantage of needing no parameter tuning: only the order of the method needs to be selected. We have developed the methods based on first-order approximations to the local force trend. The methods are simple, readily implemented, and were effective in improving the presentation of a virtual wall on our experimental apparatus. A particularly intriguing aspect of our approach is the ability to improve performance in a system where the acquisition and reflection rates differ: our methods make use of the additional information available and provide better performance than is available by slowing down the overall system to achieve syncronization.
The method of sample-estimate-hold has a wide range of potential applications: it can be considered for use wherever zero-order sampling is required. For example, sampling and estimating position or velocity input to a controller, or implementing force control in a traditional manipulator, all require the sampling of signals. It may also be possible to use our formulation to examine problems that arise from time delay.
All of our numerical methods are readily extensible. We considered only the uniform use of linear models. Higher-order methods can be developed, and the methods need not use the same order for prediction and correction. Non-polynomial basis functions might also be employed.
We note, however, that in a predictor-corrector scheme there can be a lag in "locking on" to the trend. As the order of the approximation increases more previous samples are needed, so there may be a trade-off between tracking lag and accuracy. As our experimental data indicated, non-causal effects can arise from the prediction and these could increase as the order of the method increases. In our preliminary studies we did not find a significant improvement by using higher-order approximations, presumably because the lock-in time and the possibility of over-estimating a trend outweighed the additional accuracy of approximation provided by the higher order.
Finally, as our physical analysis indicates, the size of the sampling interval must be taken into account. The ordinary zero-order hold becomes very accurate for small sampling intervals, so our methods might not produce an appreciable performance increase for high-bandwidth force-reflecting systems. Conversely, if the sampling interval is very large then the dynamical system might be sampled at less than the Nyquist frequency and so our methods would be unlikely to improve performance. Our methods are most likely useful in intermediate cases, such as we have demonstrated experimentally.
